The Karcher mean has a lot of useful properities, which can be used to its combination with some famous operator inequalities or matrix inequalities. In this paper, we shall show some Karcher mean inequalities related to Kantorovich type inequality.
Introduction
Let P m (C) be the set of m×m positive definite matrices on C. ω = (w 1 , . . . , w n ) is a probability vector when the components satisfy i w i = 1 and w i > 0 for i = 1, . . . , n. The Karcher mean is defined as follows: Definition 1.A ( [1] , [2] ) Let A 1 , . . . , A n ∈ P m (C), ω = (w 1 , . . . , w n ) be a probability vector. The weighted Karcher mean Λ(ω; A 1 , . . . , A n ) ∈ P m (C) is defined by Λ(ω; A 1 , . . . , A n ) = arg min where arg minf (X) means the point X 0 which attains minimum value of the function f (X) (see [9, 10, 11] P m (C) and X 2 = tr(X * X)
2 . For more details see [8] . If ω = ( [4] ) Let A > 0, M, m be positive numbers such that M ≥ B ≥ m > 0, then the following assertions hold, (i) Let q ≥ 2, then A ≥ B, implies
(ii) Let q ≥ 0, then log A ≥ log B implies
. . , A n ∈ P m (C) and ω = (w 1 , . . . , w n ) be a probability vector, then w 1 log A 1 +. . . , +w n log A n ≤ 0 implies Λ(ω; A 1 , . . . , A n ) ≤ I.
. . , n − 1, and p n > q, whereω = (
, and ω =ω ω 1 , we remark that · 1 means 1-norm, that is,
. . , w n ) be a probability vector. For each i = 1, . . . , n and q ∈ R, if
is decreasing for r ≥ t and s ≥ 1, and
1−t+r (p−t)s+r holds for r ≥ t and s ≥ 1.
Main Results
. . , n, and p n > q, wherê
and ω =ω ω 1 ,ω 0 = (
n . Applying Theorem1.4 to the last inequality, we have
By Theorem 1.3 and (2.1) we can obtain
for p i ≥ 0 (i = 1, . . . , n − 1), α > q, whereω = (
Put α = (p n − t)s + t(> q), we have
. . , n), and p n > q. wherê
(ii) By Theorem 1.3 and Löwner-Heinz inequality, (K
for t ∈ [0, q], p i ≥ 0(i = 1, . . . , n), and p n > q, whereω 0 = (
Applying Theorem 1.5 to (2.3) we have
for s ≥ 1. whereω = (
, and ω =ω ω 1 . By (2.3) and (2.4), we have
n , i = 1, . . . , n − 1. By applying Theorem 1.6 to 0 < (K
(2.5)
Taking logarithm to both side of (2.5), and deleting 1 − t 1 + r 1 , we have
Then we can move them to one side,
Similarly, for i = 2, . . . , n − 1, we can get 
